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Abstract 



The stabihty of the Maxwelhan of the Bohzmann equation with a large amplitude external potential $ 
has been an important open problem. In this paper, we resolve this problem with a large C'^— potential in a 
0^ ' periodic box T**, d > 3. We use [1] in L*" — L°° framework to establish the well-posedness and the L°°— stability 
of the Maxwellian ^e{x,v) = exp | — 



Introduction 



< 

, In the presence of a potential <i>, a density of a dilute charged gas is governed by the Boltzmann equation 



dtF + vV.,F -V^^{x)-V^F ^Q{F,F) , F{Q,x,v) ^ Fq{x,v), (1) 



where F{t,x,v) is a distribution function for the gas particles at a time t > 0, a position a; e T'' and a velocity 
w e K'' for d > 3. Here, the external potential ^{x) is a given function only depends on the spatial variable x in 
■ a periodic box T''. The collision operator Q takes the form 



Q{Fi,F2) =11 B{v-u,uj)Fi{u)F2{v')dujdu~ [ [ B{v ~ u,uj)Fi{u)F2{v)dujdu (2) 
= Q+{Fi,F2)-Q-{FuF2) , 

where u' = u+[{v — u) ■ wjw, v' = v —[[v ~ u) ■ cjja; and B{v — u,uj) — \v — Mpgo( • w), with < 7 < 1 (hard 

potential) and /gd-i qoiu ■ u!)du! < +00 (angular cutoff) for all u G §'^~^. 

Throughout the paper, we study the stability of a local Maxwellian for given potential 3> : 

5^, = exp|-^-<I)(x)| = M«)e-*^"', (3) 

where fi{v) = exp| — is the standard global Maxwellian in the no potential case, $ = ([16 ). Define a 
perturbation distribution / = f{t, x, v) by 



F{t, X, v) = he{x, v) + ^/ iie{x, v)f{t, X, v). (4) 
Then the equation for the perturbation / is 

9t/ + ^;-V./-V<i>-V„/ + e-*(-)L/ = e-5*(-)r(/,/) , /(O, x, z;) ^ /o(x, z;) ^ ^" , (5) 

^/^^E 

where the standard operators of the linearized Boltzmann theory ([15|) are 

Lf = vf-Kf^ -^{Q{t^, VJ^f) + QiVJ^f, m)} = ^/ - / v')f{v')dv', 
with the collision frequency iy{v) = J \v — u\'^ ^,{u)qodudijj ^ {1 + for < 7 < 1 ; and 

r(/i,/2) = ^0(v7i/i, n/m/2) = r+(/i,/2) - r„(/i,/2). 

V M 
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1.1 External Potential and Conservation of Momentum 

Let F be a solution of the Boltzmann equation ([T]) with an external potential $. As the no potential case ($ = 0), 
we have the (excess) conservations of mass and energy : 

{F{t,x,v) — iJE}dvdx — // {Fq{x,v) — iiE}dvdx = A/q, (6) 

^-^ + ^ix)){F{t,x,v)^HE}dvdx = [[ {^-^ + 'i>{x)){Fo{x,v)-fiE}dvdx = Eq, (7) 

as well as the excess entropy inequality : 

n{F{t))-n{iiE)<n{Fo)-nit^E), (8) 

where Hig) = JJ g lug dvdx. 

However, in the presence of an external potential the momentum conservation law is delicate. In general, 
the momentum is not conserved : multiplying the Boltzmann equation ([l]) by Vi and integrating over T'' x R"^, 
we have 



d 
dt 



J I v,F{t)dxdv - JJ v,V^^{x) ■ VyF{t)dxdv = 0. 



Applying the integration by part to the second term, we have 

^ II '"'^^^^'^^'^^ ^11 dt'^{x)F{t)dxdv = 0. 

If the potential $ does not depend on Xi, then the second integration of the above equation vanishes. Therefore 
we have the conservation of momentum for Vi. Otherwise, in general, we do not have such a conservation law of 
momentum. 

More precisely, define a map 

A ; T'' ^ {Linear Subspaces of R'*} , A(a;) = span{V$(x)} = {veR'^ tV$(x) , r e R}. 

Define 

A(T'') ^ y Aix) , (9) 

which is a linear subspace of R"^. Further we can decompose R'' = A(T^) A(T^)^. More precisely we define a 
degenerate subspace of V$ by 

which is a linear subspace of R"*. Let n = dim A(T'')^. Notice that generically the degenerate subspace of V$ is 
a zero space {0} and n = dim A(T'')^ — 0. Upon relabeling and reorienting the coordinates axes, we may assume 
that A(T'')^ is spanned by {ei,...,e„}, i.e. 

A(T'*)-L ==span{ei,...,e„} , n = dim A(T^)^. (11) 

If $ is differentiable then d^^^ = ■ ■ ■ = dx„^ = and $ = $(a;„+i, • • • , Xd)- Further we assume $ € C^(T'') and 
satisfies the periodic boundary condition in T'^ and 1 < $(x) < |<I>|oo- Then we have the (excess) conservation of 
momentum for degenerate {wi, ...,?;„} : 

{F{t,x,v)- iJ,}{vi,...Vnf dvdx = // {Fo{x,v)-ii}{vi,...Vnf dvdx = Jo^l^"- (12) 

Notice that generically A(T'')-'- ,the degenerate subspace of V$, is a zero space {0} and n = dim A(T'')-'- = so 
that we do not have such a momentum conservation law as (|12p . 

It is important to point out that the momentum conservation law (|12p is necessary in order to get decay (|15p 
in Theorem 1. In particular the condition ([T2|) is used in (|65p in order to show the crucial positivity of L in (|40p . 
Without the condition ([T2|) . we have the stability result (|18p in Theorem 2 but not a decay. 
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1.2 Main Result 

We introduce the weight function for /3 > d/2, 



P/2 



w{x,v) = ^^ + Hx)} . (13) 

Theorem 1 Assume that an external potential ^ is a periodic -function on and $ = $(a;„+i, • • • ,Xd) for 
some n < d. Assume the conservations of mass @), energy ^ and momentum for degenerate {vi, ■ ■ ■ , w„} (T^ 
are valid for Fq = fiE + with 

(Mo, Eo, Jo ) = ( , , ) e R X R X R". (14) 

Then there exists S > such that if Fq{x,v) = 1-J.e + ^/Jj^fa{x,v) and ||w/o||oo < S, there exists a unique solution 
F{t,x,v) = jiE + \/l^Ef{t, X, v) > for the Boltzmann equation {Ip such that 

sup e^*||w;/(t)|U <C||w;/o||oo. (15) 

0<t<oo 

Without the conservation of momentum for degenerate - ,Wn} (|12p . we are not able to prove the 

decay (|15p . The reason is that such a momentum conservation law is a crucial to show the positivity 
of L in Proposition 4. However we have the stability using the natural excess entropy inequality ([8|). 

Theorem 2 Assume that an external potential ^ is aperiodic -function onf^ . Assume the excess conservation 
of mass (0), energy ^ and the excess entropy inequality (0j are valid for Fq — iie + ^/Mb/o with 

\Mo\, \Eo\, \n{Fo)~n{iiE)\ <oo. (16) 

Then there exists 6 > such that if Fq{x,v) = he + \/Jj^fa{x,v) and 



Ih/olloo + V^iFo)-n{fiE} + |Mo| + |£;o| < S, (17) 
then there exists a unique solution F{t,x,v) = ^e + \/l'^Ef{t, x, v) > for the Boltzmann equation (QP such that 

sup \\wf{t)\\^ < C I ||ii;/o||oo + ^n{Fo) - niHs) + \Mo\ + \Eo\ } . (18) 

0<t<oo ^ J 

Notice that we do not need any smallness assumption for the external potential $ in both theorems. 



There are some investigations about the dynamical problems of the Boltzmann equation with an external poten- 
tial. The local well-posedness was established in [S] and l^. Near Maxwellian regime, the global well-posedness 
was established in ^20], [24], [10], [11], [25] and [12] with some smallness assumptions for the external potential 
$ using the nonlinear energy method. In [21j . using the semi-group approach, the global well-posedness was 
established with some smallness assumptions for the external potential $ in a periodic box. This result was later 
generalized in [23] and [22] to the case of an unbounded external potential in M.^ with spherically symmetric 
assumption. Near vacuum regime, the global well-posedness was established in [Tl] with a small (self-consistent) 
external potential and in [^ with a large external potential $ with some special conditions. In the case of 1- 
dimensional Boltzmann equation (a; €: R, w € R"^) near Maxwellian regime, the well-posedness and stability are 
established in [5] with a large amplitude external potential. 

In the presence of a large amplitude external potential, the key difficulty is the collapse of Sobolev estimate 
in higher order energy norms. The derivatives of the Boltzmann solution can grow in time unless the potential 
is small. In order to overcome this difficulty, we use the weighted L°° formulation without any derivatives ([T^ [18]). 

With the conservation of momentum for degenerate {vi, ■ ■ ■ ,««}, we use the — L°° framework (17j) which 
consists of two parts : First, establish L^-decay for the linear Boltzmann equation(Section 3) ; Second, estab- 
lish the L°°-decay for the nonlinear Boltzmann solution using the Vidav's idea and the L^-decay of the first 
part (Section 4). 

For proving the linear L^— decay (Section 3), the main difficulty is the absence of the momentum conservation 
laws for all velocity components {ui, • • • The key ingredient to prove the linear L^— decay is the positivity 

of the linear Boltzmann operator L (Proposition 3). Following [15 , we establish such a positivity of L by the 
contradiction argument. The consequential limiting function is non-zero and only has the hydrodynamic part 
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which is the null space of L spanned by the basis { y/JI, Vy/JI, \v\'^ ^/JI }. The coefficients of the limiting function 
satisfy the macroscopic equation ([55l) — ([59 |) . Using the conservation of momentum ([T2|) for degenerate {vi, • • • , w„} 
and the periodicity in T'' crucially, we are able to show that all the coefficients are zero, which is contradiction. 

For nonlinear L°°— decay (Section 4), we use Vidav's idea. Denote X{s;t,x,v) the backward trajectory at 
time s, starting at time t G [0, oo), position a; G T'' with velocity v e M''. Similarly X{si; s, X{s;t, x,v),v') is the 
backward trajectory at time si starting at time s G [0,t], position X{s;t,x,v) G with velocity v' G M.'^. The 
goal is to establish the following estimate for the solution of the Boltzmann equation : 

ds [ dv' [ dsi [ dv" \ f{si,X{si;s,X{s;t,x,v),v'),v")\ (19) 



J^<\v'\<N Jo 



< 



1 ^ 



N 



0<si<t Jo 



£+- sup ||/(si)||oo+ / ||/(5i)||lp dsi , (20) 



where p — 1 or p ^ 2. Once we have the estimate (PU]) for p = 2, using the established L^— decay, we are able to 
show the decay. The basic idea to show the desired estimate ((20|) is to establish 

^^(dX{s,;s^X{s;t,x,v),v')]^^^^ (21) 
1^ dv' J 

for almost every (si,s,w') G {0,t) x {0,t) x K.'' for all X{s;t,x,v) G T'^. Then we apply the change of variables 

v' X{si]s,X{s;t,x,v),v') , 

for main part of (0,t) x (0,i) x to bound by the L^-term in (gOl) and to bound (dD) by L°°-term in 
(j20p for the small remainder part. In this paper, we use Asano's result in [T] to verify the crucial condition 
(j2ip for smooth external potentials. In 1 , using the symplectic geometric approach, the points fail to satisfy 
the condition (I^Tj) is characterized by the eigenvalues of some symmetric matrix. Because of this formulation, 
using the standard min-max principle. Lemma [T] was established in [1]. The condition (|2T|) has been proved in 
many other cases. In [T7], the condition (PT|) has been shown in the case of bounded domains $7 C K'^ with 
several boundary conditions without an external fieldCV^ = 0). Notice that the characteristics are determined 
according to the boundary conditions. In the case of in-flow, bounce-back, diffuse reflection boundary conditions, 
the condition (PT|) was proved for bounded domains J7 C with the smooth boundary dV.. For the specular 
reflection boundary condition case, the condition (1211) was established for analytic and strictly convex domains 
f2 C K^. In [6], for the specular reflection case, the condition (|211) was established for analytic and non-convex, 
2-dimension domains $7 C K^. Without boundary condition : £7 = R'', in ^9\, the condition ((2T|) was shown for 
self-consistent electric fields if the perturbation / is small. In 1-dimensional case $7 = R, the condition is proved 
for external potentials with large amplitude (|S]). 

Without the conservation of momentum for degenerate {vi, • • • , we are not able to prove the linear L^-decay. 
Instead, we use the natural excess entropy inequality (|H]) to obtain i^-stability of the Boltzmann eauation(|18|). 
The basic idea is that 

{F\nF- ^lE\n^IE} JJ{l + \nfiE){F~fiE)+ J J ^ t^sf ■ 

Notice that the first term is controlled via the excess entropy inequality (|5]) and the second term is controlled 
via the conservation of mass ^ and energy (I?]). Therefore we can control the third term and the L^— norm of 
|F — i^e\- Indeed, the L^— term in (|20|) with p = 1 is bounded by the mass and energy and entropy. Therefore, 
we obtain the L°°— boundedness(stability) of the Boltzmann solution F. 

Our paper is organized as follows. In section 2, we state the Asano's result(Lemma 1) and construct an open 
covering of the points fail to satisfy (|2ip . In section 3, we establish the linear L^-decay (Theorem 3). In section 
4, we use Vidav's idea to bootstrap the nonlinear L°°-decay (Theorem 1) from linear L^-decay. In section 5, we 
use the entropy-energy estimate ([18]) to prove the L°°-stability (Theorem 2). 

2 Characteristics and Transversality 

In this section we study the characteristcs for the Boltzmann equation with an external field ([1]). The hamiltonian 
of the system is given by 

H{x,v)=^-^ + <i>{x). 
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We consider the Hamilton flow determined by the hamiltonian H ,that is, the characteristic curve satisfying the 
differential equation: 

dX{T;t,x,v) dV{T;t,x,v) ^ , 

— = V{t; t, X, v) , — = -Vj;$(X(t; t, x, w)), (22) 

with i, X, w), i, a;, u)] — [x^v]. Clearly the hamiltonian is constant along the characteristics, i.e. 
if(X(r;<, x, u),F(r;t,x,w)) ^ H{x,v) for aU r. Therefore we have an equality ^\V{s)\^ + ^{X{s)) = ^\v\'^ + ^{x) 
and further we have 

\V{s)\ = V|i'P + 2$(x)-2$(X(s)) < VbP + 2|$U < l^^l + V2|*|oo . 
On the other hand we have 

\v{s)\ = + 2$(x) - 2<i>(x(,s)) > vw^m^ > \v\ - vm^ ■ 

Hence we know that 

\V{T;t,x,v)\-\v\ I < 2|<i>|V^ (23) 

for all (r, t, x, v). 

We will use the following geometric result of T crucially in this paper. 

Lemma 1 Assume that $ e C^{R''). Suppose det |^ '^^(«o;To,a:o,i>o) ^ ^ q ^^^^ j-^^. a;o, Wq) e K x K x 

■j^d ^ j^d^ T/ien i/iere exist (5 > and an open neighborhood Uq C K'^ x K*^ of {xq,vo), and a family of Lipschitz 
continuous functions on Uq, {ipj : Uq — ^ K}^^]^ and ipj{0, 0) — so that 

det (^ dXis;To,x,v) \^ ^ ^^^^ 

if and only if 

s ^ SQ + tljj{x,v), (25) 

in is,x,v) e (so - So,sq + Sq) x Uq. 

Using Lemma [T]we construct the e-neighborhood of the set of points {s,x,v) satisfying (1^^ . 

Lemma 2 Assume that $ £ C^{T'^) is a periodic function. Fix Tq > and N > 0. There are disjoint open 
interval partitions of the time interval [0,To] ; C [OjTq] for ii g {1,2,--- ,M^} and disjoint open box 

partitions of the periodic box T'' ; 2)^2 C T'' for multi-index = {ii, i\, - ■ ■ , i^) G {1, 2, • • • , M'^}'^ ; and disjoint 
open box partitions of {v e R''- : Vi e [-4A^, 4A^] for all i = 1,2--- ,d} ; £>^3 for P = (if,z^,--- ,il) e 
{1, 2, • • • , AI^}"^. For each i^ , P and we have tj ii p js £ S^i for j — 1, 2, d so that 

„n , f dX(s:TQ,x,v)\ 1 /i f / £ £ 



for all {x, v) £ 2)^2 X S)|3 a^c? 

/ dX{s; To, X, w) 



I J ^ * V s ^ U i^J.^^^^^3 - ^ , i,, ,i,/2,,3 + , (26) 

^ ^ i=i 

«/ (s, x, w) e X 3^2 X 2)^3 /or all i^,P and P. 

Proof. Choose {to,xo,vo) & [0,To] x T"^ x {v £ : v, £ [-4iV,4iV], for i = l,2,...,d}. 
First Case : If 

det (^d^(to-^To^-o^-o)^ ^ 0, 

then there exist positive numbers {t"; ^j*, • • • , ■fj]; f?i , • • • Jy^} such that 

det ^ 0^ for all {t; xi, ■ ■ ■ ,Xd;vi, ■ ■ ■ ,Vd) £ {to - t° ,tQ + t°) x 

x{iMi " (.To)i + e?) X • • • X ((xo)<i ~ ^S, {xo)d + C)} X {((i;o)i - Vi, Mi + r??) x • • • ((z;o)d - r;«, (t;o)d + Ty^)}- 
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Second Case : If 



dv 



then by Lemnia[Tl there exist positive numbers {t^; fj*, • • • rfl, ■ ■ ■ jyj]} and Lipschitz functions V'j defined on 
{((xo)i - e?, {xo)i + C?) X • • • X ((xo)d - + eS)} X {{{vo)i - ril Mi + ?7?) x • • • ((«o)d - rj% {vo)d + rf,)} 

and ^/'°(0,0) = so that, for (t;xi, ■ ■ ■ ,Xd;vi,- ■ ■ ,Vd) £ (to - t°, io + x {((a;o)i (a;o)i+C?) x • • • x ((xo)^- 
(^o)d + CS)} X {((z;o)i - Ml + 77?) X ... X ((z;o)d - Md + ^S)}, 

det i^ dXit;2,^,v) ^ ^ ^ (27) 

if and only if 

t = tQ + ipj{xi,- ■ ■ ,Xd;vi,- ■ -Vd) for some j = 1,2, ■■■,(!. (28) 

Notice that from the first and second case, we obtain an open covering of [0,ro] x T'^ x {u G M'' : Vi E 
[-AN, AN]}. Since [0,Tq] x T''' x {v £ R'^ : € [-4iV, 4iV]} is a compact set, we can choose finite points 
{ti'i ■ ■ ■ , {xi)d; {vi)i, ■ ■ ■ {vi)d) and positive numbers {r*; ... , Cd! ^i' ' ' ' j Vd} for finite index i 's. Notice 

that 

{U-r\U + T^) X {{ix,)i~^l , ix,)i+^l)x---x{{x,)d-Q, ix.)d + ^:i)} 

X { ( ivi)i - vl , Ml + '7i ^ ( Md ~ Vd > Md + Vd)}, 

forms an open covering for finite i 's. Define a refined grid via relabehng as 

{ = ai < a2 < . . . < flMi = To } = {U±t' for all i's}, (29) 
{-1 = 6i<62<...<6m. = 1} = { ix^)k± a ior all i's, k ^ 1,2, ■ ■ ■ ,d }, (30) 
{-4N = di<d2<---<Cj^i,=^N} = { ivi)k±7fk lor all I's, k ^ 1,2,- ■ ■ ,d}. (31) 

We use the index ^ 1,2, - ■ ■ , and = 1, 2, . . . , and = 1, 2, . . . , for aU fc = 1, 2, . . . ,d, and multi- 
index P = £ {1,2,... ,M2}rf and P = (^i^i'" Jl) ^ {1,2,... ,APY. Notice that for each 
, P , P) we have t^^i p p S {o-i^ t o-i^ +i) and a Lipschitz function V'j ji /a /s. Using the Lipschitz continuity, 
we choose a constant C > so that 

I i^J^^lJ^Mx,v) - i}^^^^ pp{x,v) I < C \{X,V)- {X,v) \ , 

for all j, ,P , P which are finite indices or finite multi-indices. From the above inequality we have 

for \{x,v) — {x,v)\ < gjyjTfj. Therefore we further refine the grid of ([50)1 and (PT|) as (if necessary we may put 
more points to make the grid finer) 

{-1 = 6i < 62 < . . . < 6m2 = 1} D {-1 = 61 < 62 < • • • < = 1}' 
{-4A^ = ci < C2 < . . . < cm3 = 4iV} D {-4A^ = < ^2 < . . . < Cj^^a = 47V}, 

and denote multi-indices P = (i?,*!,-" , i^) ^ {1.2,... ,M2}'' and = (if,i|,... e {1,2,... ,APY and 
define 

D-i EE (aji,aii+i), (33) 

=S)|^...^,2 = (fo,2, 6,2+1) X ... X (6,2,6,2+1), (34) 

®?-3 = M,'M+i) X ■■• X (c»3,c,3+i), (35) 



so that |6,2+i - 6,2 1 H h |6,2+i - bq \ + \cq+i - cq \ -\ h Iqa+i - c,3| < ^j§tc and ([32]) is valid for all 

d 



{x,v), {x,v) e D^2 X Dfa- From ([28|), for each j,i^,P,P there exist ,1 72 j3 e D-i so that 
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Therefore 



\ dv 

holds for t G tj^iij2 j3 — ,tj^iij2 j3 + ) and for (a;, v) € x D^s . Notice that det ^ 

is continuous and non-zero on a compact set 



dX{t-To,x,v) 
dv 



Hence there exists positive number diij2 j3 > so that 

on the set (I36p . Define (5* = min^i /2 /a (5^1/2 /3 > where are finite indices. This proves the Lemma. ■ 

3 Linear Decay 

In this section, we will show the L^— decay of the solution of the linear Boltzmann equation : 

5t/ + t^-V,/-V$-V,„/ + e-*(-)i/ = , f{{),x,v) = h{x,v), (37) 

assuming the conservation of mass ([B]) and energy ([7]) and momentum for degenerate {wi,--- (|12p with 

(Mo,£^o, Jo) = (0, 0, 0) G M X M X M". Here, the number n in the degenerate {wi, • • • ,?;„} is a dimension of the 
degenerate subspace of V<i> in pT|) where, in general, the degenerate subspace of V$ is a zero space {0} and 
n = 0. Therefore, in this section, we are showing actually the linear L^— decay only with the conservation of mass 
and energy for the generic external potential $ in the periodic box T*^. 

For notational simplicity, we use (•, •) to denote the standard L^— inner product in T'' x K.''. We also define 

(51,52)1. = {v{v)gi,g2)- 
We shall use || • || and || • \ to denote their corresponding norms. 

Theorem 3 Assume that the external potential ^ is a periodic C^— function on T'^ and $ = $(a;„-)_i, • • • ,2;^). 
Let f(t,x,v) S be the (unique) solution to the linear Boltzmann equation ^37\ l. Assume that f satisfies the 
conservations of mass 0) and energy ^ and momentum for degenerate {vi,--- ,Vn} with (Afo,i?o,Jo) = 
(0, 0, 0) e R X M X M". Then there exists X>0 andC >0 such that 

sup e^*||/(<)|| < C||/(0)|| . 

0<t<oo 

Proof. We will show that Proposition 2] implies Theorem [31 following the proof of Theorem 5 in . Assume 
Proposition H is true. LetO<N<t<N+l,N being an integer. We split [0,t] = [0, A^] U [N,t]. First we 
establish the L^ energy estimate for any solution / to the linear Boltzmann equation (|37p on the time interval 
[N, t] as 

||/(t)||2 + 2 r / e-*(-) / Lf-fdvdxds = \\f{N)\\'. (38) 

From ([57)) . we have the equation for e^*f{t) : 

{9* + t; • V, - • V, + e-*(^)L}{e^*/} - Ae^*/ = 0. 

For the time interval [0,A^], we multiply the above equation by C^*/ to derive the L^— energy estimate on the 
time interval [0, TV] : 

pN p p pN 

e''^||/(iV)|p + 2 / e'^^ e-*(-) / Lf ■ fdvdxds - X e^^^\\f{s)\\'ds = \\fm\' . 
Jo Jf^ Jvj^ Jq 

Divide the time interval [0, N] into U^o^ I'^' ^ + 1) ^"^d define /fe(s, x, v) = f{k + s, x, v) for fc = 0, 1, 2, — 1. 
Then we can rewrite the above equation as 

e^"^||/(A^)|P+E / e2M'=+^> / / Lf,(s)-f,{s)dvdxds = \\f{0)r + xY, e2^{^-+^>||A(.)|pd5 . (39) 

-• V ' ' 

(A) (B) 
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Notice that fk{k + s, x, v) satisfies the hnear Boltzmann equation (|37)) in the time interval [0, 1]. By Proposition 
m we have a lower bound for (A) as 

N-l 1 N-1 1 N-1 1 

(A) > ^ e2A;c^~|$|„ / (^LMs)Jkis))ds > ^ e^^'^g-l^l-M / \\Ms)\\lds > i.oMe-l*l- ^ e'^' / Whm'ds. 
k=o fe=o -^0 fe=o 

Using the fact e2^('=+") < e^^e^^'' for s G [0, 1] , we have (B) < Ae^^ '£k=Q lo ^^^'^ 1 1//^ 1 1^^^- Thus, for sufficiently 
small A > 0, we have a positive lower bound of (A) — (B) as 



(A) - (B) > (i.oMe-l*l~ - Ae^^) ^ / e^^'WMsMl^ds > 0. 

I— n "'0 



fe=0 

Therefore from (l39l). we have 



e^^^ll/WlP < ||/(0)|p. 

Further we can choose A > small so that e^^^*-^) < 2 for aU t e [iV,iV + 1]. Hence, multiply §Q by e^-^* and 
combine with the above inequality to conclude 



||/(<)||^ < e''mN)f < e^'^'-^^WMf < 2||/o|r 



Proposition 4 Assume that the external potential $ is a periodic -function on and $ — <i>(x,i+i, x^). 

Let f{t,x,v) be any solution to the linear Boltzmann equation ^37^ satisfying the conservations of mass and 

energy ^ and momentum for degenerate {vi,--- ,Vn} US\) with (Mq, Eq,3q) = (0, 0, 0) S K x R x R". Then 
there exists M > such that f satisfies 



1 /■! 

2 



{Lf{s)Jis))ds > M / \\fis)\\tds. (40) 
Jo 

Proof. We prove the Proposition by the contradiction argument. If the inequality of (j40|) is not true, then a 
sequence of solutions fk{t,x,v) (not identically zero) to (j37]) exists so that 

\Lfk{s),fk{s))ds<^l\\fk{s)\\lds. 

Equivalently, in terms of normalization Zk(t,x,v) — fkit,x,v) ^ have 

V Jo \\fki^)\\id.s 



1 

J {LZk{s),Zk{s))ds < -, 



(41) 



and from z^(w) > j/q, we have vq \\Zk{s)\\'^ds < \ \Zk{s)\\^ds — 1. Due to the weak compactness in L"^ space, 
there exists Z{t,x,v) with ||Z(s)||i,ds < 1 such that 

Zu^Z weakly in / || • ||^ds and / || • Iprfs. (42) 



^0 "'0 

On the other hand, since fk{t,x,v) solves ([37]), Zk{t,x,v) satisfies the same equation 

{dt+v-V^~ V$(x) • V,}Zkit, X, v) + e-*(")iZfc(i, x, v) = 0, (43) 

and hence Zk{t, x, v) satisfies same conservation laws ((B]), (0), and ((T^ with (Mq, Eq, Jq) = (0, 0, 0) G R x R x M" 
as fk{t,x,v) does. Using the weak convergence in we conclude that for almost every t e [0, 1], the limiting 
function Z{t, x, v) also satisfies 

/ / Z{t, X, v) \/fJ.E{x, v)dvdx = , (44) 

f ($(0;) + ^) Z(t,x,i;)\/A7^(^^u)dt;dx = , (45) 

(wi, • • • , Vn)'^ Z(t, X, v)\J ijle{x, v)dvdx = 0. (46) 
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Step 1 : PZk PZ weakly in Jq^ || • Wtds and \ \ ■ |pds. 
It suffices to show that 



{PZk,Ms,x)My))'^ds^ / {PZ,Ms,x)M'"))'^ds, (47) 

Jo 

for any smooth functions 0i(s,x) on [0, 1] x T'' and (j)2{v) on Mf^ with compact supports. 

Temporally denote (TOo,mi, • • • ,md,md+i) = (l,fi, • • • ,Vd, |vp). Then the left-hand side of (j47p is written 
componentwisely as 



"'T' 



mi{u)\/ ^{u) Zk{s^x^u)du] mi{v)\/ fi{v) v{v)4>i{s^x)(j)2{v)dvdxds 

f 

10 JTd JR<* 



mi^/Jl Zk4>idudxds I mi{v)y^ ^{v)v{v)4>2 {v)dv. (48) 



Notice that the underlined integrand of (|48)) is bounded by function uniformly in fc 's , i.e. 



||m,0iVM||2, ds] / \\Zk{s)\\l2 ds] m,(w);/(«)02(v)VMR< t^"^»(«)K^^)</'2(w)VMRe i'(K''), 



and the underlined integrand of (|48p converges to yj^ J^^ rrii^JJi Z(f)idudxdsj mi{v)^ fi{v)iy(v)4>2iv) for al- 
most every u e K''. By the Lebesque convergence theorem, we conclude the convergence of (|T7|) . 



Step 2 : K{Zk) ^ K{Z) in L^{[0, 1] x T'' x R''). 

The proof of this step is same as Step 1 in the proof of Lemma 4.1 in [15] page 1124. Denote k{u, v) as the kernel 
of the operator K and define it's approximation km{u, v) = k{u, w)l{(j(^).|„_„|>j_ |j,|<„}. Since km G L'^{M.'^ x K'') 
we can choose smooth functions with compact supports to satisfy 



Ki;{u,v) — ki{u)k2{v) such that — '^ell^ ^ 

In order to prove this step, we only need to change (4.8) in |15) by 

[dt+v-\7^~ V^$(x) • V„] {Ki{v)xit, x)Zk{t, X, v)} 

= [dt+v-V^^ V,$(2;) • V,]{Ki(w)x(t, x)}Zk{t, X, v), (49) 

where x(i, a;) is a smooth cut-off function in (0, 1) x R'^ such that x(t, x) = 1 in [e, 1 — e] x T''. It is strainghforward 
to verify that the right hand side of (|49p is uniformly bounded in L^{[0, 1] x R'* x Mf^). From the velocity average 
lemma([4].[l3]). for some a > 0, 

/ x{t,x)Ki{u)Zk{t,x,u)du e i/"([0,l] X M'^). 

JR'' 

It follows that, up to a subsequence, 

Ki{u)Zk{s,x,u)du / Ki{u)Z{s,x,v)du, 

JR-' 

strongly in i^([e, 1 — e] x T'') and this suffices to prove Step 2. For detail, see the proof of Lemma 4.1 in |15] . 



Step 3 : Z{t, x, v) = {a{t, x) + v h{t, x) + |wpc(i, x)} y/Ji^{x~u) ^ 0. 
From the definitions oi L = v — K and Zk, we have 

1- / {KZk{s),Zk{s))ds= [ \\Zkis)\lds~ [ {KZk{s),Zk{s))ds= [ {LZk{s), Zk{s))ds. (50) 
Jo Jo Jo Jo 

Combining the strong convergence in Step 2 with the weak convergence of Zk, we conclude 

lim / {KZu{s),Zk{s)) = I {KZ{s),Z{s)). 
Combining the above relation with ([50]) and < {LZk{s), Zk{s))ds < -i, we conclude 

= 1-/ {KZ{s),Z{s))ds. 
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Using the above equation, with the non- negativity of L and | |Z(s)| ji^ds < 1, we have 

0< [ {LZ{s),Z{s))ds ^ [ \\Z{s)\\^ds~ [ {KZ{s),Z{s))ds<l- [ {KZ{s), Z{s))ds ^ 0, 
Jo Jo Jo Jo 

to conclude 

fi /.I 



{LZ{s),Z{s))ds^O , / \\Z{s)\\^ds = l. (51) 
Jo 

Now use the standard property of L : 

LZ{s,x,v) ■ Z{s,x,v)dv>C I v{v)\{\-V]Z{s,x,v)\^dv, (52) 
and combine with (1511) to conclude 

{l-Y'}Z{t,x,v) = 0, 

for almost every {t,x,v) G [0, 1] x T'' x M^. Hence Z ^ PZ ^ {a{t,x) + v ■ h{t,x) + \v\'^c{t,x)}y^fj.{v) where 
[d{t, x), h{t, x), c{t, x)] is linear combinations of [/ Z{t, x, ■)y^dv, J vZ{t, x, ■)y/JIdv, J \v\'^Z{t, x, ■)y^dvj . 
Define [a{t, x),h{t, x), c{t, x)] = [d{t,x),h{t,x),c{t,x)] x e~2~ then we have 

Z{t,x,v) = {a{t,x) +vh{t,x) + \v\'^c{t,x)}^/JIE . (53) 

From (ISTjl we conclude that Z{t,x,v) is not identically zero. 

Step 4: Z = Q 

This leads to a contradiction to Step 3. Notice that from (^1]) and ([5^ . we have 



j\\{I-P}Z,is)\\lds < ^J\lZ, 



fe(s),Zfc(s))ds ^ 0, 

to conclude {I — P}Zk —J- strongly in Jq \ \ ■ \ \i,ds. From LZk — L{I — P}Zk, we have (L{I — P}Zk, ip)ds = 
J^{LZk,(p)ds ^- for ah ip e C^{[0, 1] x T"^ x W'). Hence letting fc ^ oo in dS]), we have, in the sense of 
distribution, 

dtZ + v- Va:Z - V$(a;) • VyZ 0. 



We plug (|53p into the above equation and expand as the products of a polynomial in Vi : 
{a - V^<^> ■ b}y/JI^ +{b + V^a - 2cV^$} • Vy/JI^ + + d^M)\vt\^ VJj^ 

i 

+ '^{dx,bj}viVj ^ffT^ + VxC ■ v\v\^^/JjLE = 0. (54) 

Since ^fjl, Vi^fji, VjVk^/JI and viVmVny/Jj- are linearly independent, we deduce that in the sense of distributions, all 
the coefficients on the left hand side of (|54l) should be zero. We therefore obtain the macroscopic equations of 
a(t, x),h(t, x) and c(t,x), which was introduced in |15) : 

a(t,x) -Vx<P{x) -hit^x) = (55) 

h{t,x) +Vxa{t,x) -2c{t,x)V^'Pix) = (56) 

c{t,x)^d.x^b, = for aU i (57) 

d^^b. + d^^bj = , i^] (58) 

Vxc(t,x) = (59) 

We obtain the Laplace equation of 5i(i, x) 

d 

= -^^ f 1 - = -{d-m{-c)_ - d,c: = id-2) d,6 = (60) 
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where we used ([58| for * = o and used ([57]) for ** — oo and used (|59|) for * * *. From ([53)) we have, for aU 
i = 1,2, 

ViZ(t,x,v)av — y / ViVjbj[t,x)e * e ^ dv = Oi[t,x)e ^ / |^.| g 4 



Since Z{t, x, v) is periodic in a;, we conclude that b(i, x) is also periodic in x. Using the periodicity of b, multiply 
([60)) by bi and integrate to yield 

0=/ Ab^b^dx = ~ \\'b^fdx, 

and 

Wxbi{t,x) — , h{t,x) = h{t) for almost all {t,x). 
Combining the above equality with ()57p and ([5^. we conclude that 

c{t,x)—co for almost all {t,x). (61) 

Further integrate ([55| on T'* to have 

= / ^ dx^ h{t) + / V^a(t, x)dx - 2co / V^$(a;)da; = b(t), 

JT"* JT<i JT"* 

where we used the periocity in a; e T'' of a{t,x) and Therefore we conclude h{t,x) = bg. From ([55)) and 

()56p . we have equations of a(t, x): 

Wxa{t, x) = 2coVa,*(x) , d{t, x) = bo • V^4>(x). 

From the first equation above, we have a(t, x) ~ 2co^{x) + (p{t) for some (p. Plugging this formula into the second 
equation above, we get 

Lp{t) = d{t,x) = bo • V^$(2:). 

Since the left hand side of the above equation is a function of t only and the right hand side is a function of x 
only, we conclude that both of them are constant. In order to show that the both sides are zero actually, we 
utilize the periodicity of the external potential $ : take the integration over x e T'' to yield 

/ bo • Wx'^{x)dx = {<^{x)hQ}dx = 0. 

Therefore we conclude that, for alH G M and x G T'', we have ip{t) = (po and 

a{t,x) = 2co$(x) +(,30 , (62) 
bo • V:r$(x) = for ah xeT'^ . 

Recall A(T'^), the degenerate subspace of V$ in ([TU)) . By the definition, we have 

boeA(T'*)^, and hence bo = ((bo)i, • • • , (bo)„, 0, • • • , 0). (63) 

For simplicity we think bo as a vector in R". To sum, we plug ([5T]) . ([5^ and ([55)) into ([55)) to conclude 



Z{t,x,v) = {(fo+ho ■ (ui,- - • ,w„) + 2co($(a;) + !-^)} y/ HEix,v). (64) 

Notice that we obtain the above formula for Z only using the macroscopic equations and periodicity in 2: € T'*. 

In order to conclude Z = 0, we use the conservations of mass ()44[) and energy (1451) and momentums for 
degenerate {vi, • • • , u„} ([46]) crucially. From the conservation of momentum for degenerate {vi, . . . , we have 

1 



= / // ViZ{s,x,v)y^ ^E{x,v)dvdxds — (bo)i / // (vi)'^ fiEix,v)dvdxds, (65) 

Jo J Jt'^xR'' Jo J Jl-'xM'' 

for alH = 1, • • • , n, so that bo = G K". 

From the conservation of mass for Z in ([^l]) . we have 

= (fo [[ ^E{x,v)dvdx + 2co ff f ^{x) + ^—^j ^E{x,v)dvdx, 
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and from the conservation of energy for Z in (j45p , we have 

= (^0 



^{x) H — — ) IJ.e{x, v)dvdx + 2co 



^(x) + -TT I Ai-B(a;, v)dvdx. 



Using the notation (•, •) for L^{T'^ x M^) 

inner product, the above two equations are 
( {mx) + \v\y2)^, ^) \ f ^0 \ _ f 

Once we show that the determinant of the above matrix is not zero : 

iVJ^, VJ^ ){[Hx) + blV2)VA^, {Hx) + klV2)VA^ ) - {mx) + blV2)VA^, Va^ ) V 0, 

then we conclude (^o = and cq = and hence Z = 0. From the Cauchy-Schwartz inequahty 

{(Mx) + k|V2)V7^, VJ^y$ {VJ^, ^ ){iHx) + l«lV2)VMi, mx) + \vf/2)^ ), 
if y/JiE and + |wp/2)^/i£; are hnearly independent which is obvious. Thus we conclude (j66l) . ■ 



(66) 



4 Nonlinear Decay 

In this section, we prove Theorem 1, especially the nonlinear L°°— decay in ([15]). Recall the weight function by 
w{x, v) = {^- + $(a;)}'3/2 in ^ and define a weighted perturbation by 



h{t, X, v) — w{x, v) X 



F{t,x,v) - tiE{x,v) 
y/fj.E{x,v) 



(67) 



Notice that h{t, x, v) = w{x, v)f{t, x, v). Then h satisfies 



{dt+v-V^~ V$(a;) • VAh{t, x, v) + e-*(^V/i(t, x, v) - e-'^'^^'^K^h = e-^wT{-, -), 

w w 

where L^h = i>{v)h—K^h with K^h = wK^-^) ([IT]). Notice that via Lemma 19 in [T7], assuming supQ<g<j.jj e^*||/i( 
is small, we only have to show that there exist A > and To > and Ctq > such that 



\\h{To)\\oo < e-^^°\\ho\\^ + Cto / ll/(s)||L^ds, 

Jo 



in order to show the nonlinear decay, i.e. 



sup e^*||/i(t)|U <C||/in| 

0<t<oo 



(69) 



(70) 



which is equivalent to (|15p . Once we establish (I70p . proving the existence and uniqueness, positivity of the 
Boltzmann solution F were established in [17] . 

For any {t,x,v), integrating along its backward trajectory "^^Jf ^ = V{s), '^^J^'^^ = — V$(X(s)) in ([^^ . we 
express 



h{t,x,v) = e-/o«-*'"<^»-(n-))'i-/i(0,X(0),y(0)) 

+ f --*'"<^»-(^M)rf-if^/,(s, X{s),V{s))ds 

{s,X{s),V{s))ds. 



'WW 



(71) 
(72) 

(73) 



Easily we can control the first line above by 



([7T]) < e-*''«'=' 



(74) 
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Next we estimate (l73l). We can bound the loss term in (l73l) : 



\W Wj jRd Jgi-l w{X{s),u) 



< 



q{u},\u ~ V{s)\)e * w {X{s),u)duduj 



x\\h{s)\\'<,y{V{s))\\h{s) 



and for the gain term 



wiXis),V{s))r^[-,-]is,Xis),Vis))=wiXis),Vis)) [ [ q{u;, \u - F(.)|)e-^ du;du 



w J ^ ' ' Jk'' Js^'-i ' w{X{s),u') w{X{s),v') 

<$(X(.))-^/2 / / g(a.,|u-F(5)|)e-^d^d^.x||/.(.)||i^^^<KV^(.))||M.)||i^^^, 

where v' = v'{u, V{s)) , u' = u'{u, V{s)) and we used |up + 1^^(5)1^ = + l^'P so that 

wiXis), u')w{X{s), v') = {^{X{s)) + ^)^/2(<i>(x(s)) + > |<i>(X(s))2 + + ' ' 

<i>(x(.))2 + <i>(xGs)) (^M! + l""^ > |ci>(x(.)) (^<i>(x(s)) + > <f{x{s)f'Mx{^), v{s)). 



Note that 



Using above relations, we have an upper bound of the integrand of (j73p as 



6 2 X 2- 



Therefore we have a control of the integration of ([75)1 by 



2 



GSD < 2e^{l-e-no*^-*<"'^»'>(VMM-}x sup {e-^«^"'"'°°(*-^)||Ms)l|oor 

0<s<t 

< 2e^ X sup {e-3-«^"'"'°°(*-^)||/i(s)|U}'. (75) 

0<s<t 

From now, we concentrate to estimate (|72)) . Let k(u, w') be the corresponding kernel associated with K. Notice 
that in the integrand of ([7^ 

{K^h}{s,X{s),V{s))^ f k^(y{s),v') h{s,X{.s),v') dv'. (76) 

JR'' 

Now we use the representation of the underlined h{s, X{s),v') again to evaluate (f76| . We need a following crucial 
inequality, Lemma 3 in [17] : 

Lemma 3 ("fl^/; 

Hv, v')\ < C{\v ~ v'\ + \v- vr'}exp - vf i^tE^I . 

LetQ<9<j. Then there exists < e{9) < 1 and Co > such that for < e < e{9), 

,,2 l-ellwp-li'f n w(x,v)e^l"'' ^ C 



{|„ _ + |„ _ exp —\v - v'\' - -—^^ '-^ ; ' , ,,„„. dv' < 



8 \v-v'\^ j w{x,v')e<^yr - i + \v\' 
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Proof. We can check 
w{x, v) 



w{x, v') 



i2 ^ /3/2 , I ,|2 I /|2 ^ 13/2 , I ,,2 I ,|2 s 13/2 



< 1+ ^ < 1 ' 



< {1 + 1 + C$|« - t;f < C(l + It; - 



The remainder of the proof is exactly same as the proof of Lemma 3 in [17] . ■ 
In order to simphfy notations, we define 

*2(s, t) = $(X(s; t, X, v)) + /J e-*(^(^;*'^''')V(T/(T; t, a;, w))dr > z^oe"'*'- (t - s) 
*3(.s, t) ^ i$(X(s; X, v)) + X* e-*('^(^;*'^'''))j/(y(r; x, v))dT 

We can rewrite h{s,X{s),v') in ([76l) as 

e-*'i(")/i(0,X'(0),F'(0)) + / e-*^("i'") / \i^{y'{si),v")h{si,X'{si),v")dv"dsi 

Jo Jr'^ 

Jo \w wj 

We plug the above formula into ([75]) and (|72p to have 

m = f I e"*^(*'^^e-*'i(^'k^(F(s),v')/io(^'(0),T^'(0))di;'cis (77) 

g-*2(M)g-*^(.i,.)k^(-j/(s)^„')^r f (si,X'(si),t/'(si))dsidw'ds. (79) 

\w w J 



10 JR'' 



10 Js.'' Jo Jri' 



10 JR'^ Jo 

For the first line, we have 



m< I e-*''°^"'*'°°||/io|U / \^n,{V(s),v')dv'ds<(te-i''-'''"'^)e-'''''^'\\h^\\oo<Ce-"^^ 
Jo Jr-^ ^ ' 



and the third line ((79)) is bounded by 



JR'' JO 



^-MXjs)) ^~ SI e-^(^(-)).(V(r))dr J.^ e'-^^ «)%(]/' (si ) ) k„ (^s) , Z^') 1 1 /^(si ) 1 1 L^Slrf^^'^^S 



II 



<2e^ r e-ie^^ni^ / k.(n^),«') r A(e-U;e-<^''^»^(v"M)<^rK^^^^,^^ H^^^^^H^^, 

Jo JR'' Jo "51 I J 0<si<t 

<2e^-el*l-x sup {e-''^^^(*~^i)||/i(si)|U}' < -eil*l- sup {e" """^""" <*-^^)||/i(si)||oo}', (81) 

t'O 0<si<t I'O 0<si<t 

where we used 

II < 2e^e-^^^(--) X ie'*(^'(-))e-'^=.^"''^''^"^(^'(^»'^^K^'(.i)) 



2e^~e 2 ('^-si) X <; e " ■'=1 

dsi 



i/(V'(r))(iT| 



Now we concentrate on the second term, (178 
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4.1 Estimate of ([78]) 



CASE 1 : \v\>N with N » ^J\^oo■ Using (US]), we have \V{s)\ > f so that 

k„(^/(.),^;')k»(r(.l),«")d«"rf«' < . ,1 < 

Rd><Rd \ + \V{s)\ N 



Thus in this case, (f78|) is bounded by 



e 



'""^^T // U(y(s),w')k^(T/'(si),v")rfw"dw'dsids X sup e-—^ ^*"''^l|/i(si)l|c 

'O Jo J Jr'^xTS.'' 0<si<t 



<(^^)'x-Sx sup e-^^'^^(*-^^)||M^i)l|oo<§4e"*l- sup e-^^"^^(*-^^)||Msi)l|oo, (82) 
iV o<si<t N ly^ o<si<t 



where we used the fact 

rt fs 



/O "'0 

ft 



J^oe-l*l~ Jo Jo dsi \ J :.oe-l* 

e 2 M nr^e 2 t - i < 



CASE 2 : |t>| < N, \v'\ > 2N, or \v'\ < 2N, \v"\ > 3N. Observe that 

\V{s)-v'\ > \v' -v\-\V{s)-v\>\v'\~\v\~\V{s)~v\, 
\V'{s,)~v"\ > \v" -v'\-\V'{s,)-v'\>\v"\~\v'\~\V'{s^)-v'\, 

and \V{s) - v\, \V'{si) - v'\ < 2|$|^ from dM]), thus we have either \V{s) - v'\ > § or \V'{si) - v"\ > f and 
either one of the followings are vahd correspondingly for r/ > 0: 



From LemmaH both / k^(y(s), u')e^ and / k^(l/'(si), w")eil^'(''i)~^"l'dw" are stih finite for suffi- 
ciently small ?7 > 0. Therefore (|78l) is bounded by 



ds ds,e-—- ^'-^'^ dv"dv'kUV{s),v')k^iV'{si),v") sup e-—^ ^'-''^\\Hs,)\\o, 

Jo J J 0<si<t 

<f^^Ve-*^^ sup e-^<^(*--)||M^i)l|oo<e-t~^4e''*'~ sup e-^^^(*--)||M«i)IU, (83) 
Vi/oe-l*l~y o<si<t t'o o<si<t 



where we used the fact 



jlkUV{s),v')k.^{V'{s^),v")dv"dv' < e-i'^' Jl k^{Vis),v')k^{V'{s,),v"){ei\''^^^'^'\' +6^^""'^^^^-^"^'} < Ce' 

CASE 3 : < N, \v'\ < 2N, \v"\ < 3iV. This is the last remaining case because if \v'\ > 2N, it is included in 
Case 2; while if > 3iV, either < 27V or \v'\ > 2N are also included in Case 2. We can bound ^ by 

g-i.oe-i*i~(t_,,) f k^{V{s),v')kr,{V'{si),v")\h{si,X'{si),v")\dv"dsidv'ds. (84) 

/o J\v'\<2NJo J\v"\<3N'- V ' 

O 

Since ku,(u, v') has possible integrable singularity of , we can choose a smooth function with compact support 
kN{v,v') such that 

sup / \k^{p,v') -kN{p,v')\dv' < —. 

|p|<3Ar J|i>'|<3Ar 
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Splitting k„(V^(s), in O by 

]^N{V{s),v')]^Niy'{si),v") , (85) 
{\<i^{V{s),v') ~ kjv(F(s), v')}\,^{V'{s^),v") + z;") - \<iN{V' {sx),v"))\^m{V{s),v'). (86) 

We can bound in the case of © = ([Ml), by 

^ ,,,p e-^^^^^f^-^'llM^OIIoo. (87) 

0<si<t 

In the case of © = (|55|) . we can bound ([M)) by 

Cat/ ds f dv' f dsie-""""'"'""'*-'!) /" |/i(si, X(si; s, X(s; a;, w), w'), w'OM^'"- 

Jo J\v'\<2N Jo ^|d"|<3A' 

Recall that we need to show the decay for t = Tq from Since the potential is time-independent we have 

X{si; s,X{s;To,x,v),v') = X{si - s + Tq; Tq, X(To; 2To - s,a;,w),w')> 
for < si < s < Tq. From Lemma [21 we split ([55]) by 

ji /2 73 •'O Jo ^ ^ 



|w'|<2Af J|?)"|<3Af 



di;'lj,3jt;') / |/i(si,X(si -5 + To;ro,X(To;2To-5,x,z;),z;'),v")M^'"- (89) 

V 

From Lemma [21 we have 



{{si-s + To,X{n;2To~s,x,v),v') e S^i x D^, x : dei (^^^ {si - s + To;To,X{To;2To - s,x,v),v') = 

d 

i 

For each {^,^,1^ and j, we split © as 

Is^J. (^1 - + ro)l(.^.,,,,,.,,3--r.*,,.M.,.3 + -.)(.n - + To) , (90) 
Isji (si - s + To){l - ^3__^,t^.^, ^3 + _^)(si - s + To)}. (91) 

CASE 3a : In the case of = ([90]), the integration ([89]) is bounded by 

A/1 {M^)" (M^)" To 



'^^E E E rf^il{^(.,-.+To;To,.,.)gs^j(^i,^) lx,^(gi--'^ + ro) e-'^»^""'°°^^°-^^\ 

J2 J3 Jo Jo I , 

Xl(f , „ „ e f , „ - I e \ (.Sj — .S + Tq) 



X 



dt;'ls3 («') / \h{si,X{si - s + To; To, X(ro; 2ro - s, x, w), w'), w")M^'"- 

|i;'|<2A' ' J\v"\<3N 



We spUt 



and rewrite the above integration as 

Ml (M^)"* (Af^)'' To 



Ca^E E E / c;sl{x(si-s+To;To,a;,t,)eSj2}('Sl,s)e' 



X / dsie ^^(^- lj,j^(si-s + ro)l(i^^, ^, ^3__^,t^^^,^^,^^3H._^)(si-s + To) 



X 



■u'l<2Af Jl'u"|<3Af 



.-1*1: 



d7;'ls3 fi,') / e-—^ ^^'>-''^\\h{si)\\oodv". 
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For fixed using the fact that e 2 (^-^^i) increasing function of si £ [0,s], the second hne of 

the above term is bounded by 

" ^""^'^31 = — — {1-e 2 



e 



Therefore we can bound ([5^ by 

To . A^' 



£ 



X 



4Afi 

/2 il = l 

/ dz;'Vl333 K) x(37V)3 sup e-^'"'^^^"-^^) | |c 

J|d'|<27V ^ ^ 0<si<To 



To „ „-|*|oo c- 



< Cat / e-^^^^T iTo~s)^^^l dv'{mf sup e-^^'^^T ^^°~''^l|/^(si)l|c 



4j|„,|<2Ar 0<si<To 

< CM—^\{2Nf{-iNf sup e-''''^^'^^>-^^^\\h{s^)\l 

V^e 4 0<si<Ta 



< e^^^^— sup e-^^'^^^ (^«-^^)||/i(si)||oo, (92) 



J^O 0<si<To 

where we used the fact that 



±* X! l{X(si-s+To:To,x,D)eSj2}(si'*) = l{X(si -s+To;ro.a;,i,)GT<i} (si , s) = 1 {0<s<To } («) l{0<si <s} («! ) , 

r- 

* * * X! l2>53("')l|f'|<2Ar(w') = l|«'|<2Ar('f')- 

CASE 3b : In the case of = ([91]), the integration ((891) is bounded by 



X / ls,3 («') / |fe(si, X(si - 5 + To; To, X(To; 2To - 5, x, t;), v') ,v")\dv' dv" . 

J\v'\<2N ' J\v"\<3N 

By Lemma [2l we can apply a change of variables : 

v' ^ y = X{si - s + Tq; Tq, X{Tq; 2Tq - s, x, v), v'), 



Jac (si - s + To; ^^^(ro; 2To - s,x,v),v') > S* 



L2 



Therefore the last line of the above term is bounded by 

1/ / w{x,v")\f{s,,x,v")\dv"dx < ^1 [ I w{x,v"fdxdv"\ ||/(si)|| 

"* J xeT^ J\v"\<iN "* \J\v"\<iN JT^ J 

< ^C{NA^^)\\f{s,)\\L.. 
Therefore, in the case of = (l?T|) . we have an upper bound of as 

C{M\M\M\6,,N,\^^,uo) I " ||/(si)|U2dsi. (94) 
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To summarize, let A = '^"^ and from 1^, 1^, 1^, ^ smd ^ we conclude 

\\h{To)\\o. < e-^^«||/io||oo + C(4+e + e-^^') sup {e-^^^"-'^\h{s)\\o.} 

J* 0<s<To 

+ C sup {e-^^^"-'^\\h{s)\\ooV + CTo r \\fisi)\\L-dsi. 

0<s<To Jo 

Assume supo<s<7-(,{e'^''||/i(s)||oo} is sufficiently small. Choose sufficiently large N > and small e > and small 
1 1 /iQ I loo- Then we conclude (|69l) . 



5 Nonlinear Stability 

In this section, we prove Theorem 2 and establish the nonlinear L°° stability in (fTSl) . The following lemma, 
which has been established in [IS], plays a crucial rule in the proof of the nonlinear stability ([TS]) without the 
conservation of momentum. 

Lemma 4 (1181) Let fisixyv) — exp{— -^^^ ^{x)}. Assume F satisfies the conservation of mass energy 

^ and the entropy inequality 0). For < S < 1, we have 



\F{t) - ^lE\l\Fit)-^.M>s^.^ < jlHiFo) ~ n[iiE) + |A/o| + \Eo\). (95) 



Proof. The proof is almost same as the argument in Page 147 of [IS] • The difference is the fact that In /i^ = 

I |2 1 |2 

— '^ <i>(x) is only bounded by the energy '-^ — \-^{x). We now make use of the entropy inequality dH). Recall 

from the Taylor expansion, 

-HiFit)) - UifME) = J J {F{t) \nF{t) ~ p^E Iha^b} ^JJ{\nf,E + l){F{t) ~ I^e} + JJ 



< n{Fo)-n{fiE) , 

where -F is a number between F{t) and fj,E- Notice that the underlined term is bounded by the mass and energy 
of F{t). Hence, from the conservation of mass (H]) and energy ([7]), we get 

Zr 

The rest of the proof is exactly same as the argument of Page 147 of [TH]. ■ 

In order to obtain (jl8p . we do estimate a weighted perturbation h in (j67p satisfying the linearized Boltzmann 
equation (|68| . The proof is exactly same as Section 4 except CASE 3b. Consider ([93)1 in CASE 3b. We 
introduce the indicator functions i\F{t)-fj,E\<Sfj,E '^\F{t}-fj.E\>Sfj.E split the last line of ()93p into 

/ / 'i-v\\hisi,X{si - s + To),v")\liF(t)-^E\<StiE + ^T<\\Ksi,X{si - s + To),i;")|liF(t)-/^E|>d>i5- (96) 

J\v'\<2N J\v"\<3N ' ' 

The first integration is bounded by 



Sf [ lj,3 u;(X(si - s + To), v")^iie{X{si - s + Tq), v"). 

J\v'\<2N J\v"\<3N ' 

Using Lemma 4, the second integration is bounded by 
/ / ^{X{si-s+n)y)\F{suX{si-s+TQ)y)-MX{si-s+T^)y)\l\F^t-)_^^\>^^^ 

J\v'\<2N J\v"\<3N ' Vf^E 

(97) 

By Lemma 2, we apply the change of variables 

v' ^ y ^ X{si - s + To; To, X{To; 2To - s, x, v), v'), 



(If) 



s + To;To,X(To;2To-s,a;,u),u') > (5* 
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to bound (Ull) by 

'^^\\F{si,y,v") - ^lE{sl,y,v")\l\F(t)-^LE\>s^LEdydv'. (98) 



Cn. 



5* 



i\v'\<2N JyeT 

Combining these two cases, using Lemma 4, the whole integration ()93p is bounded by 

Cn,i> r ds rdsie-''«^"'*'°°(^«"^^) / / {5+UF{s^,v,v")-^lE{sl,y.v")\l\p(,)_^,\ys^.E)dvdv' 

Jo Jo J\v'\<2N JT^ "* 



l\v'\ 

5 + T^{H(Fo) - + |Mol + l^ol} 

0*0 



< Cw,*<5* V^(^o) - 'H{^iE) + |Mo| + 1^0 1 



We also have optimized 5 such that (for sufhciently small l'H(i^o) ^ '^(mb)I + l-^^ol + l^'ol), 

5 = T^{H(Fo) - H(AiB) + |Mo| + |So|}. 

0*0 

To summarize, from the last part of Section 4, we conclude 

sup ||/i(t)|U < e-^^''||/iolU + C(l+e + e-^^') sup {e-^(^«-^)||/i(s)|U} 

0<t<To 0<s<To 

+ C sup {e-^(^«-^)||/i(s)|U}2 + C7Ar.$^7V^(^o) -H(m£) + |Mo| + |£^o|. 

0<s<To 

Assume supQ<;^<y^ ||/i(s)||oo and e > sufficiently small and Tq, N, rj sufficiently large to conclude 



||/»(To)|U < ^ll^iolloo + CnVnFo) - 'H{^iE) + \AM + \Eo\. (99) 

From this finite time estimate, we use the argument in page 23 of [5 to establish a large time estimate. Apply 
(|99]) repeatedly to get 

1, 



||^("7o)||oo < oll^olloo 

< \\\ho\\oo + {l + l}CToVnFo) - niiiE) + |Mo| + l-Bol 

< ... 



< ^l|/io||oo + + \ + \ + ■■■}CToVnFo) - n,,E) + \Mo\ + \Eo\ 

1 



< ^l|/io||oo + 2CtoV'H{Fo) - nifiE) + \Mo\ + \Eo\. 
For any i > 0, we can find n such that nTo < t < {n + l}To and form L°° estimate on [0, To], we conclude ([TSl) by 
IIMOIloo < CTo\\h{nTo)\\^ < C{ \\ho\\oo + V'HiFo)-nifiE) + \Mo\ + \Eo\ } . 
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